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Abstract
This report presents a brief survey on probabilistic programs to help understand formal models of
probabilistic program analysis. As fas as verification protocols are concerned, mainly Hartog’s paper on
extending Hoare triples for the verification is studied, the examples of which are provided in the paper.
More techniques, like the ones mentioned in Hurd’s thesis and several others are a part of my reading
list for this semester. I also present an interesting analogy between a popular game called ”Flappy bird”
and the general execution of probabilistic programs. I raise two questions at the end which may shed
some insight into verification of the same.

1

Formal models

The various formal models that are available have been nicely summarized in [7] and [9]. The three main
ones are referred to as the standard model, relational model and the lifted model. However, before moving
on to these models, some definitions should be kept in mind. As mentioned in [11], an inductive invariant of
a loop is a property on the state that is preserved by executing the body of the loop from states in which the
loop-guard is satisfied. In this regard, we use Dijsktra’s and Scholten’s concept of weakest liberal precondition, wlp.S.Q, which for each predicate Q on the state space of a qualitative program S, equals the predicate
describing the largest set of states from which S is guaranteed to either not terminate or do so in a state
satisfying Q. Katoen et al. use predicate pairs [P, Q] for specifying a program S by saying that S satisfies
the specification [P, Q] if P =⇒ wlp.S.Q, which is the same as saying {P }S{Q} in Hoare’s axiomatic system.
A refinement ordering  is defined between programs S, T by saying that S  T iff T is guaranteed to satisfy
all the specifications [P, Q] that are satisfied by S, i.e.
S  T ≡ (∀Q

wlp.S.Q =⇒ wlp.T.Q)

This allows specifications to be treated as programs themselves by saying that wlp.[P, Q] is the least program
S (wrt ) such that S satisfies {P }S{Q}. A more formal description of these specifications is given in [2],
where in Chapter 27, a specification is defined as a statement that indicates in a simple way what is to be
computed without saying how it is computed. In our context, this translates to knowing what the preconditions and postconditions of a program are, without knowing how the program actually takes us from the
former to the latter. An appropriately designed precondition and postcondition set for a program will be
able to guarantee it’s termination and correctness without knowing the actual computation performed. Back
et al. also provide definitions for three types of specifications : general monotonic specification, conjunctive
specification and disjunctive specification. I aim to study these in detail as a part of this course to get a
better understanding of the concept.
Coming back to Katoen’s formulation in [11], the semantics of qualitative programs are studied using inductive invariant maps, which essentially provide invariants of all the loops in the given program, subject to the
constraints that the Hoare’s triples are valid for each program point. However generating valid inductive
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invariant maps for a given qualitative loop involves finding solutions to a set of second order constraints of
the form ∃ an invariant I for a given loop L. Aumotating such a process is the biggest obstacle with such a
technique, where generation of invariants signs in. For probabilistic programs, a similar requirement occurs
but in a different framework called the pGCL or the probabilistic guarded command language. Although
Katoen gives a nice semantics of this language, a better understanding with detail is provided in [9]. Citing
Dijktra’s work, He et al. define the probabilistic choice operator ⊕p , which indicates that if we have P ⊕p Q,
then we execute program P with probability (1 − p) and program Q otherwise. This way, every sequential
program begins in an initial state and through the probabilistic choices made during the program, either
doesn’t terminate or does so in a set of possible states. This way, a distribution over the set of final states
is generated which tells us the probability for each final state that the program will terminate in that state.
This forms the basis of the standard model of probabilistic programs as descirbed by [9].
Standard Model : This model assumes program specification as a pair of precondition and postcondition
by saying that P is a program with specification (pre(s), post(s, s0 )) if given the initial state s and a precondition pre(s) satisfied by that initial state, the program P either does not terminate or does so in the final
state s0 that satisfies the postcondition post(s, s0 ). With this specification, the refinement ordering over the
programs becomes
(pre1, post1)  (pre2, post2) ≡ (pre1 ∧ ¬(post1; ¬pre2), post1; post2)
Hence, a standard program refines another if it terminates more often and less non-deterministically than
the other. Now when the program has indeed terminated, we have a probability distribution over the set of
final states. This distribution, say f : P(S⊥ ) → [0, 1], basically maps every subset of the set of states S⊥ to
the interval [0, 1] such that
1. f (φ) = 0 and f (S⊥ ) = 1
S
P
2. f ( i∈I xi ) = i∈I f (xi ) if all xi are disjoint.
For any state s ∈ S⊥ , a point distribution ηs is defined as ηs (X) = 1 if s ∈ X and 0 otherwise. This way, a
refinement ordering between the distributions is defined by saying that one probability distribution refines
another if it assignes higher probabilities to all sets of proper states. Subsequently, a non-deterministic
program P refines Q if from every starting state, P results only in distributions that are refinements of
distributions produced by Q. However, keep in mind that the standard model does not contain any notion
of probabilistic choice, it only allows pure non-deterministic choice.
Relational model : The next model as described by [9] is the one in which we focus on the fact that the
result of the execution of a program P starting at an initial state s can be described as a set of probability
distributions over the final states (including ⊥).
P : S⊥ → 2D
Here, D represents the set of all probability distributions over S⊥ . Note that every program P that satisfies
this specification can be considered valid if it behaves chaotically whenever the input is improper i.e. P (⊥
) = D. The paper also defines two important notions of up-closure and convex-closure of probability
distributions, which are heavily used for analysis later. However, with this definition of programs, we define
the set of all programs as
P ROGS = {P : S⊥ → 2D | P (⊥) = D}
and say that a program P ∈ P ROGS is worse than (or less determined than) a program Q ∈ P ROGS if for
every initial state s, program P gives a bigger set of possible distributions over the final states, i.e.
P  Q ≡ (∀s ∈ S⊥
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Q(s) ⊆ P (s))

This makes (P ROGS, ) a complete lattice. Two important theorems in the semantics of this relational
model are given below. The first one is for the probabilistic choice operator:
(P ⊕p Q)(s) ≡ {(1 − p)f + pg | f ∈ P (s) ∧ g ∈ Q(s)}
Similarly, for the sequential composition, execution of P gives the set P (s) of distributions over intermediate
states (invisible to the outside). Every distribution over the final states of (P ; Q)(s) is the result of picking
for every intermediate state t a distribution in Q(t) and taking the weighted sum of these distributions, the
weights being the probabilities assigned to the intermediate states by some distribution in P (s), i.e.
X
(P ; Q)(s) ≡ {
f (t)ht | f ∈ P (s) ∧ (∀t ∈ S⊥ , ht ∈ Q(t))}
t∈S⊥

A number of laws are obeyed by the constructs in the relational model, details of which can be found in
[9]. However, an important concept demonstrated in this paper is the relation between relational model and
standard model where the conversion from one to another is given by a Galois connection (↓, ↑). Where on
one hand, the standard model (SM) tells us which final states are possible, the relational model (RM) tells
us what final states occur with what probabilities. The definitions of these two functions is given as follows:
↑ P = (pre(s), post(s, s0 ) where,
pre(s) = (∀f ∈ P (s) f (⊥) = 0)
post(s, s0 ) = (∃f ∈ P (s) f (s0 > 0)
and then for conversion from SM to RM, we have,
↓ (pre, post). ⊥ = D
↓ (pre, post).s = cc.{ηs0 | post(s, s0 )} / pre(s) . D
where, cc stands for convex closure.
Thus, when we go from SM to RM through the function ↓, and then come back to SM through ↑, we get
back to where we started because all the information of non-detemrinistic choice is preserved by probabilistic
choice. However, when we go from RM to SM through ↑ and then come back to RM through ↓, we get a less
refined program back due to loss of information at the non-deterministic part, i.e. given that (↑, ↓) forms a
Galois connection, we have
↑ (↓ (pre, post)) = (pre, post)
↓ (↑ Q)  Q
Lifted model : This model, as first described in [10], is defined for GCL (guarded command language).
It contains the probabilistic choice operator but not the non-deterministic choice. The proper states are
evaluations, which are like pseudo-distributions that do not need to sum upto one. This is achieved for
probability distributions by adding an improper state ⊥ to the set of proper states. Thus, every program
is a function from S⊥ → D. In this model, all such programs are deterministic, in the sense that given
an initial state, there is exactly one probability distribution over the final states. Accordingly, we lift the
pointwise ordering operator ≤ as follows:
P  Q ≡ (∀s ∈ S

P (s) ≤ Q(s)

This way, if we call PD = [S⊥ → D] as the set of all programs that are valid in the lifted model, then (PD , )
forms a complete partial order (CPO). Construction of probabilistic powerdomains is now possible over this
CPO. To express non-determinism in this model, we use the concepts of convex closed and up-closed sets of
deterministic programs. Let PL be defined as
PL = {P ∈ 2PD | P is convex closed and up-closed }
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A CPO on this model is constructed using the Smyth ordering on convex closed and up-closed sets, which
in our case simplifies to inclusion ordering, i.e.
P Q≡Q⊆P

∀P, Q ∈ PL

Hence, we can now say that non-determinism in the lifted model is a complile-time decision where the
compiler choses P or Q before any probabilistic choice is made, as opposed to the non-determinism in the
relational model, which is a real-time decision where the choice of final distribution is made during execution.
Non-determinism cannot take advantage of probabilistic choice in the lifted model.
Finally, I discuss the model of probabilistic programs as discussed in Hurd’s thesis [7]. Although some more
study needs to be done in this area, the basics of this model are now presented. Hurd uses HOL (higher
order logic) to specify and verify any program equipped with a source of random bits, which are assumed
to be independent, identically distributed Bernoulli(1/2) random variables. Suppose we have a probabilistic
function f˜ : α → β that takes as input an element of type α and uses a random number generator to output a
result of type β. Define a specification function B : α×β → B for (f˜ ) as a predicate on pairs of elements from
α to β. Say that a particular function application f˜(a) satisfies the specification if B(a, f˜(a)) is true. Since
f˜ is probabilistic, the application f˜(a) may meet the requirements on one instance and fail it on another.
Hurd then extends this definition of a function to higher order logic (HOL) as follows:
f : α × B∞ → β × B∞
which explicityly takes as input a sequence s ∈ B∞ of random bits in addition to an argument a ∈ α, uses
some of the ramdom bits in a calculation exactly mirroring f˜(a) and then passes back a sequence of unused
bits with the result. We then use mathematical measure theory to define a probabilistic measure function
P : P(B∞ ) → [0, 1] from sets of bit sequences to real numbers between 0 and 1. Thus, the natual question
’for a given a, with what probability does f˜ satisfy the specification?’ then becomes ’for a given a, what
is the probability measure of the set {s | B(a, f st(f as))}’. Modelling probabilistic programs this way has
several advantages, as listed by Hurd.
1. Since the formalization is in HOL, no other programming language is needed to express the programs.
2. Since the notation is the same as that used in pure functional programming languages, the monadic
notation can be borrowed for this case as well. This will help to elegantly express programs and easily
transfer programs to and from an execution environment.
3. Formal support of only one probability space (sequence of IID Bernoulli(1/2) bits) is required for the
theory of formal verification of probabilistic programs.
Using this semantics, we can then reason about programs that do not necessarily terminate, but terminate
with probability 1. This means that the set of sequences that cause a probabilistic program to terminate is
an event and has probability 1. A more in-depth study of this concept will be done as a part of this course.
Having looked at various models of formalizing probabilistic programs, I will now list some verification
techniques to check the correctness of probabilistic programs.
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Verification techniques

A bunch of verification techniques are listed in Hurd’s thesis [7] and [8]. A detailed study of these techniques
will be done as part of this reading course.
1. The first technique is to use first-order deductive provers, which use algorithms such a resolution or
model elimination to perform general first-order proof search. In practice, they are extremely useful
for finishing off easy goals but quickly get swamped when confronted with deeper problems.
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2. The next technique is to use conditional reqriters, which take theorems of the form
∀v

C(v) =⇒ (A(v) = B(v))

and rewrite instances of A in the goal to corresponding B. For each instance, the condition C must be
proved before the rewrite can take place (usually by a decision procedure or by a recursive call to the
conditional rewriter).
3. The third technique is to use decision procedures that always succeed in either proving or efuting the
goal. Hurd extensively used decision procedures for Presburger arithmetic (the class of formulas that
include addition, subtraction and comparison operators but no multiplications). The main limitation
of decision procedures is that most goals do not naturally fall into a decidable class and must first be
reduced using other tools.
4. Hurd also defines the notion of probabilistic while-loops and establishes the condition that this loop
terminates with probability 1. More details of this technique will be studied in this course.
5. More techniques using linear algebra [23], probabilistic inference [6], linear invariant generation [11]
and predicate transformers [20] are discussed in detail in the respective papers. However, these will be
studied in detail in this course.
6. The main technique, using Hoare-triples [3] and their extension is presented in this report, specially
through examples in the next section. In a nutshell, Hartog and Vink define a language Lpif with conditional and probabilistic choice. They provide a denotational semantics for this language and discuss
probabilistic predicates and Hoare logic for correctness in Lpif . Further, a relationship with weakest
preconditions is established and completeness theorems for Haore logic discussed. Most importantly,
the probabilistic predicates used in their logic retain their truth value interpretation and determinisitc
predicates are extended to arithmetical functions yielding the probability that the predicate holds.
This way,the logical operators do not have to be extended.
To illustrate the use of these Hoare triples for verification of probabilistic programs, axiomatic rules in [3]
are used for the examples in the next section. Keep in mind that the analysis presented differs from that
in the original text and one extra assumption has been made for example 3, which has been listed with the
context.

3

Examples

In this section, several examples for verification of probabilistic programs using a Hoare like logic are presented. The programs are taken from [3] and [9], but the analysis is done independently.
Exmaple 1 : Consider the program below. The aim to check the probability with which the values of x
and y are the same. As we will see, the sequence in which the programs are executed can affect the final
result.
P = (x := 0) ⊕ (x := 1)
Q = (y := 0) ⊕1/2 (y := 1)
The nature of non-deterministic computation differs from probabilistic computation where the semantics of
making a choice are concerned. While the former makes choice indepedent of any statistical formulations,
the latter usually follows a fixed distribution or ”rule” to make this choice. To understand this difference
better, assume that the non-deterministic choice is made by some adversary who knows that we are trying
to get the values of x and y to match. Hence, the moment this adversary gets to know anything about the
value of y as set by program Q, it can make a choice to set the value of x that does not match this value
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of y and thus, make sure that these two values are never equal. The probabilistic choice, however, cannot
make this biased decision because it is bound to follow the distribution that y be assigned one of the two
values with equal probablity. Hence, when P runs before Q, we have P r{x = y} = 1/2, but when Q runs
before P , this probability becomes zero. A more formal derivation of these values can be found in [9], where
the authors use a formal semantics for probabilistic programs to compute these probabilities.
The fact that non-deterministic computation can be viewed as the action of an adversary is to analyse the
behavior in the worst case. Recall that the semantics of non-deterministic computation allow us to view it
as a convex hull of all possible probabilistic choices which is why assigning to probabilities to final outputs
makes no sense. We can only talk of worst and the best cases.
Example 2 : This example will illustrate how to calculate the postcondition for probabilistic choice using
Hoare like semantics as discussed in [3].
Precondition : [x = 1]
x := x + 1 ⊕1/3 x := x + 2
The forward semantics for probabilistic choice operator are very straight forward. For the first choice, the
post condition is [x − 1 = 1], which is equivalent to [x = 2]. For the second choice, we have [x − 2 = 1],
which is equivalent to [x = 3]. Thus, keeping in mind that the first choice is made with probability 2/3, the
final postcondition is given as [P r{x = 2} = 2/3 ∧ P r{x = 3} = 1/3]. We can also write this distribution
using the point-notation for discrete sets, i.e. [ηs;x=2 = 2/3 ∧ ηs;x=3 = 1/3].
Example 3 : Let us now see a detailed example from [3]. The analysis is done differently from the paper,
but it conforms to the axiomatic rules as presented by the authors.
int ss[1 . . . N ], k, t
t := 0, k := 1
while (k ≤ N ) do
t := (t + ss[k]) ⊕p skip
k := k+1
end while
PN
Postcondition : [P r{t = i=1 ss[i]} ≥ pN ]

. Some elements are not added

We compute the loop invariant for the while loop
first. Taking hint from the postcondition given, the
Pk−1
appropriate loop invariant is given as I = [P r{t = i=1 ss[i]} ≥ pk−1 ]. Check that it is true just before the
body of the loop, i.e. when t = 0 and k = 1. Now, using Hoare’s triples, the condition to be true just after
the loop terminates is given by I ∧ ¬G, where G = [k ≤ N ], the loop condition.
I ∧ ¬G = [P r{t =

k−1
X

ss[i]} ≥ pk−1 ∧ k > N ] =⇒ [P r{t =

i=1

N
X

ss[i]} ≥ pN ]

i=1

Hence, the postcondition is verified. The condition true just before
P0the loop is I, which, when traced back
through the assignment statement, gives It=0,k=1 , giving [P r{0 = i=1 ss[i]} ≥ p0 ] =⇒ true. For the body
Pk−1
of the loop, we see that [I ∧ P ] = [P r{t = i−1 ss[i]} ≥ pk−1 ∧ k ≤ N ] when acts as a precondition to
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t := (t + ss[k]) ⊕p skip gives
[P r{t − ss[k] =

[P r{t =

k−1
X

ss[i]} ≥ pk−1 ∧ (k ≤ N ) ⊕p P r{t =

k−1
X

i=1

i=1

k
X

k−1
X

ss[i]} ≥ pk−1 ∧ (k ≤ N ) ⊕p P r{t =

i=1

ss[i]} ≥ pk−1 ∧ (k ≤ N )] =⇒
ss[i]} ≥ pk−1 ∧ (k ≤ N )] =⇒

i=1

[P r{t − ss[k] =

k−1
X

ss[i]} ≥ p

i=1

k−1

⊕p P r{t =

k−1
X

ss[i]} ≥ pk−1 ]

i=1

PN
Pk−1
Pk−1
Notice that [P r{t = i=1 ss[i]} ≥ pN ] implies [P r{t − ss[k] = i=1 ss[i]} ≥ pk−1 ⊕p P r{t = i=1 ss[i]} ≥
pk−1 ], and thus, by using the axiom for precondition strengethening, the loop body is verified. The axiom
used here is based on the fact that a =⇒ (a ⊕p b) for all p < 1. Although [3] does not mention this
axiom in his list, a proof of correctness without this assumption is not possible. However, pondering over
this statement, it does sound logical to say that a probabilistic choice over a and b is logically weaker than a
deterministic selection of a when there is no choice of b present. Thus, one can convince himself that indeed,
a does imply a ⊕p b for all p, except when p = 1. When p = 1, their is no choice and we select b without any
probabilistic selection.
Example 4 : Consider the following program:
bool done := false
k := 1, x := k
while ¬done do
done := true ⊕p skip
k := k + 1, x := x + 1
end while
V
Postcondition : n≥1 [P r{x = n} = pn−1 (1 − p)]

. Note that the loop may not terminate

The loop invariant can be designed using an approach similar to what we used for the previous
example.
V
We see that x takes values according to a geometric distribution, and hence we can use I = 1≤i≤k [P r{x =
i} = pi−1 (1 − p)] as our loop invariant. However, using the postcondition as given above makes the analysis
using Hoare triples non-trivial.
Having seen the examples above, the final section presents an interesting analogy between a popular game
called Flappy bird and the general execution of probabilistic programs. The comparison can help provide
some insight into how probabilistic programs work in general and possibly, aid in designing an efficient
verification scheme for the same.

4

Flappy bird

Flappy bird is a popular mobile game which is as simple as tapping a finger on the screen in order to maneuver a small bird through a path with obstacles. The path is horizontal and the bird is constantly moving
from left to right. Every tap on the screen inverts the direction of bird’s motion along the vertical. The
obstacles along the path are like walls standing on the ground as well as imaginary walls hanging down the
sky, Thus, if we view the whole screen as the real interval (0, 1), with 0 being the ground and 1 being the
sky, every obstacle requires the bird to move through only some sub-interval (a, b), where 0 ≤ a < b ≤ 1.
The interval (a, b) is different for every obstacle and there is a fixed space between two obstacles to allow for
the bird to maneuver. The aim is to make the bird cross as many obstacles as possible and reach the finish
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point which is located after, say N obstacles.
So how does this relate to probabilistic or even deterministic programs, in general? Let us try to answer
this question through some formal mathematics. Every computer program, deterministic or probabilistic,
will start from some initial state. Even if it is not sure what that initial state is, there is a distribution over
the set of all possible states from where the program is likely to start. Thus, if we denote the set (lifted,
to include non-deterministic behavior) of all states by S⊥ and it’s power set by P(S⊥ ), we can define a
function φ : P(S⊥ ) → [0, 1], from the power set of states to the continuous interval [0, 1]. For the time being,
assume that this function is injective, but not surjective (obviously). In case of probabilistic programs, we
can replace this power set by the set of all distributions on the set of states. The latter can also be used for
deterministic programs, the only difference being that the distributions in this case will be point distributions.
Now that we have the function φ ready with us, let us see what it means to move the bird from the start
point to the end location by tapping appropriately across the sreen. For building this analogy, let us keep
in mind the program of example 4 in the previous section. We will start by the simplest case as illustrated
by this example and then generalize our analogy.
bool done := false
k := 1, x := k
while ¬done do
done := true ⊕p skip
k := k + 1, x := x + 1
end while
V
Postcondition : n≥1 [P r{x = n} = pn−1 (1 − p)]
We see that the value of Boolean variable done controls the loop iterations. This value is updated probabilistically inside the loop. With each step, it is set to true with probabiliity (1 − p) and remains false
with probability p. However, the moment this value becomes true, the loop condition becomes false and we
exit the loop. The program then terminates. Thus, the termination of the whole program depends on the
probabilistic selection of the values to be assigned to this Boolean variable. While one choice immediately
terminates the program, the other leads to another iteration of the loop, which with a non-zero arbritarily
small probability can go on for large number of times. So, will the loop ever execute forever? The answer
is, no. The probability that the loop executes n times is given by pn−1 (1 − p), which decreaes rapidly
with increasing n. However, in the limiting case, this probability becomes zero and hence, the termination
probability becomes 1. This implies that the loop is surely not an infinite loop, but for any finitely many
iterations of the loop, there is a non-zero probability of another iteration.
Now, is the correctness of program also related to the value of the variable done? The answer is clearly,
yes. If we observe the postcondition carefully, we require the value of x to be geometrically distributed over
the set {1, 2, 3, . . . }. This means that for every case in which done takes the value true, we must have this
distribution of x over the finitely many values it can take. Hence, the program is correct and this correctness
criteria is verified by the exhaustive set of cases when done is set to true. But where does the flappy bird
come into discussion? Assume that the iteration of the loop is analogous to the interval (0, p), which also
represents the distribution of the value taken by the variable done. Thus, every time we tap on the screen to
make the bird change its direction, we are basically making this probabilistic choice of assigning value to the
variable done. If we tap in the right time, i.e. make the choice corresponding to this interval (assign value
f alse to done), the bird is able to cross the current obstacle (the current loop iteration ends and another
iteration can now begin) and is ready for the next obstacle. If we tap outside this interval, the bird stops
moving and the game ends, i.e. the loop stops execting and the program terminates. Hence, moving the
bird from start to its end location is basically analogous to iteraing the loop again and again.
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Generalizing this concept now, for every probabilistic choice that we encounter in the program, our interval
of tapping changes. This means that every choice we make throughout the program affects the path we take
next. While one choice can lead to termination, the other can lead to indefinite computation and hence, the
need to make the right choice becomes paramount. So, what is the right strategy to make this decision?
The answer is almost impossible to predict in general, but some restricted cases do allow for a solution.
Speaking more mathematically, if we assume a function θ : X → X, for some set X, which in this case is
R, with the property that θ is monotonically increasing, i.e. θ(x) ≥ x for all x ∈ X, then this function is
analogous to our program execution. The input is the current choice made by the program (the place where
we tapped currently) and the output is the most optimal location to tap next (most optimal choice to make)
so that the program executes in the way it is expected to. Assuming that given an interval of (or a set
of) choices, we can make any choice with some probability, let a function T : X × X → X be such that it
tells us where in the interval X, we actually tapped, i.e. what choice we actually made. Clearly, we have
start(X) ≤ T (X) ≤ end(X), where start and end correspond to boundaries of this interval.
Now, once this choice has been made and a tap has been done, the movement of the bird is captured through
the final function ψ : X × X → X × X, defined by start(ψ(X)) = θ(T (X)) and end(ψ(X)) = θ(end(X)).
Thus, we now ask ourselves these two questions:
1. For our case, where X = R, what is the value of lim ψ n (x1 , x2 ), given some value of x1 and x2 ?
n→∞

n

2. What is the value of P r{(a, b) ⊆ ψ (x1 , x2 )} for given a, b, n, x1 and x2 ?
The first question tells us the limiting interval given that we start by tapping in the interval (x1 , x2 ), i.e. it
tells us the limiting behavior of the program given the initial set of choices that we make for each probabilistic statement. The second question computes the probability that a given interval (a, b) lies in the limiting
interval after n taps, i.e. the probability that a given set of states is in the set of final states in which the
program will terminate after n iterations. Thus, answering these two questions can greatly help us study
the verification criteria along with the termination properties of a given program.
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